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C^ ' Abstract 

The algebra dual to Woronowicz's deformation of the 2-dimension- 
al Euclidean group is constructed. The same algebra is obtained from 
SUq(2) via contraction on both the group and algebra levels. 
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1 Introduction 

The Euclidean group E{2) is a simple example of an inhomogeneous group. 
Deformations of such groups in general have been studied in |[l|. Celeghini 
et al. found a deformation of Ue{2) by contracting UqSu{2) and simul- 
taneously letting the deformation parameter /i = Ing go to zero. Here we 
are interested in the case where q is left untouched. Elements of the general 
theory of quantum groups can be found in and references therein. 

2 Uqe{2) as the dual of Fun{Eq{2)) 

In this section, the dual to Woronowicz's deformation of E{2) [^] is con- 
structed explicitly, using techniques similar to those of Rosso |^ . Woronowicz 
introduces Hopf algebra elements n, v, n, and v, which satisfy 





vv = vv = 1, 


nn = nn, 


vn = 


= qnv, 




nv = qvn, 


vn = qnv, 


nv -- 


= qvn, 


A(n) 


= n®v + v ®n, 


A{v) = f f , 






A(rr) 


e(n) = e(n) = 0, 

S{n) = -q'\ 

S{n) = —qn, 


A(u) = v®v, 

<v) = e(y) = 1, 

S{v) = V, 

S{v) = V, 







(1) 



with q = q. (These relations can also be obtained through contraction of 
SUq{2), as described in the next section.) 

For the calculations which follow, it is convenient to introduce the oper- 
ators 9, 9, m, and m, defined by 

V = 62^, 9 = 9, m = nv, TFT = vn. (2) 

In this basis, the coproducts take on the particularly nice form 

A(m) = m 1 + e*^ ® m, A(m) =rn0 1 + e~*^ m, 
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A(^) = 6(^1 + 1(^6. (3) 

Remark: The matrix E given by 

^ ( e^^ m \ 

^^io 1 J « 

satisfies the relations 

A(E) = E®E, S{E) = E-\ e{E) = I. (5) 

These are exactly the relations one would expect for an element of a quantum 

(A 

group. Notice that the action of E on the column vector , where z is 

a complex coordinate, is given by 

z 1-^ e^^z + m, z H- > e~*^z + m. (6) 

We may therefore identify E as an element of the deformed 2-dimensional 
Euchdean group Eq{2). 

Fun{Eq{2)) is the algebra of all C°° functions in the group parameters 
of Eq{2), i.e. the algebra spanned by ordered monomials in 6, m, and m. 
Thus, Fun{Eq{2)) is taken to be span{6°'m!'rrf | a, 6, c = 0, 1, ...}. The dual 
to Fun{Eq{2)) is f/ge(2), the quantized universal enveloping algebra of the 
2-dimensional Euclidean algebra. We take ^, /i, and v to be the elements of 
Uqe{2) which give 

< /i, e'^m^rff >= 5ao5bi5co, < v, O^m^rff >= 5ao5bo5ci, 
<^,9''m'm'>=6aiSboSco- (7) 

Using the coproduct on Fun{Eq{2)) to obtain the multiplication on Uqe{2) 
gives 

< z/VT, O'^m'nf >= [k]qmq-i\n\SnaSibSkc, W = U ^T^T' (^) 



y=l 



so {j/'^/i'^" I k,l,n = 0,1,...} is a basis for Uqe{2). The rest of the Hopf 
algebra structure of Uqe{2) can be similarly obtained: 

[^, /i] = z/i, [^, z/] = -iz/, /ii/ = gV/i, 

A(/i) = /i ® g2*« + 1 ® yu, A(z/) = u® g2i€ + 1 ® z/, 

A(0=e®l + l®e, e(/i) = e(z^) = e(0 = 0, (9) 

S{^i) = -^g~2^«, S(z/) = -uq''^^, SiO = -e 

If ilf is a *-Hopf algebra whose coproduct and antipode satisfy 



A{h) = A{h), S{h) = S-\h) (10) 

for all h E H, then an involution on H* can be defined by 

<X,h>=<x,S-\h)>*, (11) 

where x ^ H*. Using this to define complex conjugation on Uqe{2) gives 

e = -e, ll=-q^y, I7=-g-V (12) 

Defining new operators J, P+, and P„ as 

J = ii, P+ = qq-^^u, P_ = -g-Vg-*«, (13) 

gives J = J, P± = P^, and 

[J,P±] = ±P±, [P+,P„]=0, 

A(^±) = P±®q^ + q'^ ® P±, A( J) = J ® 1 + 1 ® J, (14) 

e(P±) = e( J) = 0, 

S{J) = -J, 5(P±) = -g±ip±. 

3 /7^e(2) from SUq{2) 

In this section we will show how the deformed Euclidean group Eq{2) can 
be obtained from SUq{2) by contraction and how this implies a similar con- 
traction scheme for the deformed Lie algebra UqSu{2), giving an independent 
derivation of Uqe{2). 



3.1 Eq{2) by contraction of SUq{2) 

Recall 1^, [0 the commutation relations for SUq{2), which may be written 
in compact matrix notation as 



R12T1T2 = T2T1R 



12, 



detqT 



1, T^ =T 



-1 



A(T) = T®T, t{T) = I, S{T) = T- 



(15) 



where 
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a ) 


, R = 


= g-1/2 






^0 


1 

A 





1 

q) 



(16) 



and A = q — q^^- Now set a = f , a = w, 7 = /n and 7 = /n, where / G R\{0} 
is the contraction parameter. Written in terms of f , U, n and n, relations 
flTsD become 



detqT = vv + q I nn = vv + I nn = 1, 
nn = nn, vn = qnv, vn = qnv, etc. 

and coincide with (|l]) in the limit / —>■ 0, i.e. Eq{2) is a contraction of SUq{2). 



3.2 Uqe{2) by contraction of UqSu{2) 

The deformed universal enveloping algebra UqSu{2), dual to Fun{SUq{2)) , is 
generated by hermitean operators iJ, X+, X_ satisfying 



[H,X^ 



±2X4 



[X+,X_ 



qH_q-H 



A{H) = H®l + l®H, A(X±) = X± ® g^/2 + g-^/2 ® X±, 
e(if ) = e(X±) = 0, 

SiH) = -H, 5(X±) = -g±iX±. 



(17) 



Following these relations can be rewritten as 

R12L2L1 = L^ L2 R12, R12L2 Li = L1L2R 









A(L±) = 


= L^^L^, 








sm - 


= m-\ 


where L^ 


are 


given by 




L+ 







-H/2 ^-1/ 





12, 

e(L±) = J, (18) 



qH/2 




(19) 



Using this matrix notation, there is an elegant way of stating the duality 
between the group and the algebra by means of the commutation relations 

Li T2 = T2R21L1 , L1T2 = T2R12 Li , (20) 

as described in |^. Equations (^) are consistent with the inner products 

<L+,T2>=i?2i, <Li,T2>=Ri2\ (21) 

given in 0. Furthermore, equations (|18D can be derived as consistency con- 
ditions to (jT^) and (^). In addition, complex conjugation can be defined 
as an involution on the extended algebra generated by products of T and 
L^. This agrees with (|ll|). Unitarity of T then implies {L~^y = (L^)^^, i.e. 

H = H, X-i- = X:t:. 

In the present case equations (pOf ) become 

Hv = vH-v, X+v = q^/^vX+-lqnq^/^, X^v = q^/%X_, 
IHn = l{nH-n), IX+n = q^/^nlX+ + vq^/\ IX _n = Iq^^'^nX., (22) 

plus the complex conjugate relations. 

The way that the deformation parameter / appears in these relations 
suggests the definition of new operators P+ = /X+, P_ = P_|_ = /X_ and 
J = H/2, so that we will retain non-trivial commutation relations for P± 
and J with v, v, n and n in the limit / —>■ 0. Inserting P± and J into 
equation (p!7|) we again obtain Uqe{2) (see (0)) as a contraction of UqSu{2) 



in this limit. 



4 Conclusion 

Through equation (^2]) the contraction on the group level (section p.!]) moti- 
vates a particular contraction scheme at the algebra level (section p.2|) . The 
two methods outlined in sections ^ and ^ are summarized in the following 
(commutative) diagram: 

SUg{2) contraction ,^^^^^ 



f/,s«(2) T:o '^,e(2) 

Note that the algebra obtained in (|n|) is the same as the classical 2- 
dimensional Euclidean algebra e(2) (with P± = P^ ^iPy and J as hermitean 
generators) 0]. Note, however, as a i!/^o^/ algebra it is still deformed; the 
deformation parameter q remains unchanged. 
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